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Abstract
In this work, a solution linear in the momentum for the massless constraint PmPm = 0 is
investigated. It is presented in terms of a SO(2n,C) to U(n) decomposition and interpreted
in terms of projective pure spinors, which are known to parametrize the
SO(2n)
U(n) coset. The
worldline action is quantized using the BRST formalism and, using the results of Berkovits
and Cherkis, the ghost number zero wave function is shown to generate massless solutions
for field equations of arbitrary spin. The model can be covariantly expressed by the action
recently proposed in D = 10 by Berkovits, in terms of a twistor-like constraint. However,
a thorough account of its gauge symmetries does not lead to a spacetime supersymmetric
theory. In order to derive from first principles the superparticle in the pure spinor formalism,
a new model is proposed with partial worldline supersymmetry. The gauge algebra is then
analyzed within the Batalin-Vilkovisky formalism and the gauge fixed action is finally shown
to describe the pure spinor superparticle times a U(1) decoupled sector.
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1 Overview
The worldline action for a massless particle in Minkowski space (metric ηmn) is given by
Sp =
ˆ
dτ{PmX˙
m − 12eη
mnPmPn}, (1.1)
where Xm(τ) denotes the coordinates of the particle at a given instant τ , X˙m ≡ dX
m
dτ
, Pm stands
for the conjugate momentum of Xm and the einbein e is the Lagrange multiplier imposing the
mass-shell. By construction, Sp has a gauge symmetry characterized by the invariance under
reparametrization of τ .
Quantization of the action (1.1) leads to a scalar field ϕ satisfying the wave equation. Within
the BRST formalism, ϕ appears as the ghost number zero cohomology of the BRST charge
Q = cPmPm, (1.2)
where (b, c) is the ghost conjugate pair associated to reparametrization symmetry and the gauge
fixed action takes the form
S =
ˆ
dτ{PmX˙
m − 12PmP
m + bc˙}. (1.3)
Note that the choice e = 0 is not physically sensible as it corresponds to a degenerate worldline
metric.
Understanding the massless particle is particularly interesting because it can be viewed in
some sense as the zero length limit of the string. Therefore, alternative formulations of the par-
ticle action might provide some insight to develop different string descriptions. The quantization
of the particle has been extensively explored in the past (see [1] and references therein for a
review). Among the different techniques, the twistor parametrization introduced by Penrose in
D = 4 [2] is one of the most fruitful. In [3], for example, the twistor description was extended
from massless to massive particles, including AdS backgrounds.
In this work, the quantization of the massless particle will be investigated with a particular
solution for the mass-shell condition. In order to do so, the Lorentz group SO(2n− 1, 1) will be
described in terms of a complexified SO(2n) group and the worldline fields will be presented in
terms of U(n) representations. For Xm and Pm the decomposition is
Xm = {xa, x¯a}, (1.4a)
Pm = {pa, p¯
a}, (1.4b)
with m = 1, . . . , 2n and a = 1, . . . , n, such that
xa ≡ 1√
2
(X2a−1 + iX2a), pa ≡ 1√2(P2a−1 − iP2a),
x¯a ≡
1√
2
(X2a−1 − iX2a), p¯a ≡ 1√
2
(P2a−1 + iP2a),
(1.5)
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and the massless condition PmPm = 0 is rewritten as
p¯apa = 0. (1.6)
Any solution of (1.6) in D = 2n dimensions can be put in the form
p¯a + γabpb = 0, (1.7)
for some antisymmetric U(n) tensor γab. As will be shown here, (1.7) is the irreducible part of
the twistor-like constraint
(γmλ)αPm = 0, (1.8)
proposed in [4], where γm denotes a chiral block of the Dirac matrices and λα is a projective
pure spinor, with α = 1, . . . , 2n−1. Therefore, γab can be interpreted in terms of projective pure
spinors, known to parametrize the SO(2n)
U(n) coset [5].
In [6], Hughston showed that solutions to the wave equation in even dimensions can be
constructed using projective pure spinors. Later on, this idea was extended with the proper
definition of the projective pure spinors integration measure and the explicit construction of
solutions of massless field equations of arbitrary spin [7].
As it turns out, the BRST quantization of the massless particle action subjected to the
constraint (1.7) gives rise to a similar structure and its ghost number zero cohomology has a
simple form which can be expressed by the wave function
F = F (Xa, γab). (1.9)
Here, Xa = xa + γabx¯b corresponds to the independent components of the spinor Xα defined by
Xα ≡ X
m(γmλ)α. (1.10)
In [7], it was shown that F is the generating function of massless solutions of field equations of
spin N2 , given by
φ(α1···αN ) =
ˆ
[dλ]λα1 . . . λαNF (Xα, λ
α), (1.11)
where [dλ] is some integration measure over the projective pure spinors.
More recently [8], the constraint (1.8) was implemented in an effort to provide a bona fide
gauge structure that would finally lead to the pure spinor superparticle [9]. However, the wave
function (1.9) encodes a field content far richer than the physical spectrum of the superparticle.
In addition, a more extensive analysis of the gauge symmetries of the worldline action proposed
in [8] does not lead to a spacetime supersymmetric theory.
On the other hand, the analysis of the physical degrees of freedom of the ten-dimensional
model promptly hints at its generalization. The new ingredients are the anticommuting spinor
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θ¯α, a “superpartner” for the pure spinor λα, satisfying
(λγmθ¯) = 0, (1.12)
with conjugate p¯α, and a sort of local worldline supersymmetry for the spacetime spinors, gen-
erated by λαp¯α. The gauge fixed action of this model and its associated BRST charge can be
cast as
SPS =
ˆ
dτ{PmX˙
m + wαλ˙
α − 12PmP
m + p¯α
˙¯θα + pˆα
˙ˆ
θα + Ω¯Ω˙ + βγ˙}, (1.13a)
Q = γλαp¯α − (λγ
mθˆ)Pm +Ω(βγ − θˆ
αpˆα − λ
αwα). (1.13b)
Here, the conjugate pairs {pˆα, θˆ
α}, {Ω¯,Ω} and {β, γ} respectively denote the ghosts for the
twistor-like symmetry, scaling symmetry and worldline supersymmetry.
Because of the reducibility of (1.8), p¯α is constrained to satisfy
(λγmγnp¯) = 0. (1.14)
However, by introducing the unconstrained spinors
θα ≡ θ¯α + γ−1θˆα, (1.15a)
pα ≡ p¯α + γpˆα, (1.15b)
spacetime supersymmetry becomes manifest, similarly to what was done in [10], giving rise to the
pure spinor superparticle times a U(1) decoupled sector. The partial worldline supersymmetry
can then be viewed as a tool to implement spacetime supersymmetry.
This work is organized as follows. In section 2, the BRST quantization of the worldline action
with constraint (1.7) is analyzed and the ghost number zero cohomology is expressed as the wave
function (1.9). The constraints (1.7) and (1.8) are shown to be equivalent and the model is
covariantly quantized. In section 3, using the Batalin-Vilkovisky formalism, the extension of
Berkovits’ proposal in [8] is analyzed. The master action is built taking into account the pure
spinor constraint and derived symmetries, which appear as constraints for the antifields. The
gauge fixing procedure leading to the action (1.13a) is carried out and, after a simple set of
field redefinitions, the pure spinor superparticle action is obtained. Section 4 presents a quick
summary and some final remarks.
2 The linear massless solution
After the field decomposition introduced in (1.5), the action (1.1) can be simply rewritten as
Sp =
ˆ
C
dτ{pax˙
a + p¯a ˙¯xa − ep¯
apa}. (2.1)
4
Now, instead of the massless constraint p¯apa = 0, consider a solution linear in the momentum
of the form
p¯a + γabpb = 0, (2.2)
where γab is an antisymmetric tensor. The issue with this solution is it automatically breaks the
U(n) symmetry. To amend this, γab is promoted to a dynamical field with conjugate βab, such
that the worldline action for this system is given by
S =
ˆ
C
dτ{pax˙
a + p¯a ˙¯xa +
1
2βabγ˙
ab − La(p¯
a + γabpb)}, (2.3)
where La is the Lagrange multiplier of the constraint (2.2). Observe that even if the term ep¯
apa
is kept in the action, a field redefinition of the form
La → La − epa, (2.4)
can absorb the einbein e.
2.1 Quantization and cohomology
The action (2.3) is invariant under the local transformations parametrized by {c, ca, d},
δxa = cx˙a − γabcb + dp¯
a, (2.5a)
δx¯a = c ˙¯xa + ca + dpa, (2.5b)
δpa = cp˙a, (2.5c)
δp¯a = c ˙¯pa, (2.5d)
δγab = cγ˙ab, (2.5e)
δβab = cβ˙ab + (pacb − pbca), (2.5f)
δLa =
d
dτ
(cLa) + c˙a + d˙pa, (2.5g)
which represent respectively reparametrization symmetry and the symmetries generated by (2.2)
and p¯apa. However, these gauge symmetries are not all independent, cf. the field shift (2.4), and
the above transformations are invariant up to equations of motion by
δ′c = φ0, (2.6a)
δ′ca = −φ0La − φ1Pa, (2.6b)
δ′d = φ1, (2.6c)
with φ0 and φ1 parametrizing the redundant gauge symmetries.
Because of the gauge-for-gauge transformations (2.6), the gauge symmetries parametrized by
c and d may be disregarded. It is straightforward then to apply the BRST construction and
obtain the gauge fixed action with its associated BRST charge. Naively, the gauge La = 0 could
5
be chosen, but it is easy to see that worldline reparametrization would reappear as a residual
gauge symmetry. This is related to the field shift (2.4), for such gauge choice would imply the
degeneracy of the worldline metric. Conveniently choosing La = pa, the gauge fixed action is
S =
ˆ
dτ{pax˙
a + p¯a ˙¯xa +
1
2βabγ˙
ab − p¯apa − b
ac˙a}, (2.7)
with BRST charge
Q = ca(p¯
a + γabpb). (2.8)
Here, ca is the gauge parameter promoted to an anticommuting ghost number +1 field and b
a is
its canonical conjugate with ghost number −1.
The canonical (anti)commutation relations obtained from (2.7) are given by
[xa, pb] = iδ
a
b , (2.9a)
[x¯a, p¯
b] = iδba, (2.9b)
[γab, βcd] = i(δ
a
c δ
b
d − δ
a
dδ
b
c), (2.9c)
{ca, b
b} = iδba, (2.9d)
and can be used to determine the BRST transformations of the worldline fields,
δxa = cbγ
ba, δγab = 0,
δx¯a = ca, δβab = pacb − pbca,
δpa = 0, δca = 0,
δp¯a = 0, δba = p¯a + γabpb.
(2.10)
To evaluate the cohomology of Q, consider a generic wave function built from xa, x¯a, γ
ab and
ca,
Ψ(c, x, x¯, γ) = F (x, x¯, γ) + caF
a(x, x¯, γ) + cacbF
ab(x, x¯, γ) + . . . (2.11)
where the expansion in the ca’s is finite because of its anticommuting character, i.e. (c)
n+1 = 0.
Within the BRST construction, physical states should be annihilated by Q, i.e. QΨ = 0. It is
straightforward to compute the action of the BRST charge and at ghost number zero it implies
the equation of motion
∂¯aF + γab∂bF = 0, (2.12)
where ∂a ≡
∂
∂xa
and ∂¯a ≡ ∂
∂x¯a
. Other than ∂¯a∂aF = 0, the above equation does not clearly
provide any dynamical information. Observe however that by defining a new field, Xa, as
X
a ≡ xa + γabx¯b, (2.13)
then any function F of the form
F = F (X, γ), (2.14)
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satisfies the equation of motion (2.12). Such solutions were explored in [7] in generic even dimen-
sions, where γab was interpreted as a projective pure spinor. Using the techniques introduced
by Berkovits and Cherkis it is possible to demonstrate that the wave function F (X, γ) generates
massless solutions for field equations of arbitrary integer and half-integer spin. The spin of a
given solution is an extra input and appears in the integration over the projective pure spinors.
2.2 Projective pure spinors and the twistor-like constraint
The connection between γab and projective pure spinors remains to be explained. The constraint
(2.2) can be generically expressed in D = 2n dimensions as a chiral spinor constraint of the form
(γmλ)αPm = 0, (2.15)
where γm denotes a chiral block of the Dirac matrices and λα is a projective pure spinor. The
twistor-like constraint (2.15) was proposed by Berkovits in D = 10 [4] as an attempt to explain
the origin of the pure spinor formalism [11].
At the level of the action, (2.15) is implemented through a Lagrange multiplier Lα and it is
straightforward to show that it is equivalent to (2.2):
D = 4 For n = 2, antichiral and chiral spinors are represented by dotted and undotted
indices. In terms of U(2) indices, Lα˙ is expressed as a vector La, with a = 1, 2, while
a chiral spinor is expressed as λα = (λ+, λ−). Being a projective pure spinor, λα can
be parametrized as λ+ = 1 and λ− = γ. Therefore,
(Lγmλ)Pm = La(p¯
a + γǫabpb). (2.16)
Note that in this case the antisymmetric tensor γab has only one independent com-
ponent, expressed here as γab ≡ γǫab, with ǫ12 = −ǫ21 = 1.
D = 6 For n = 3, chiral and antichiral spinors have the same indices. The Lagrange multi-
plier is expressed as Lα = (L+, La), with a = 1, 2, 3, and the projective pure spinor
as λα = (1, γa). Therefore,
(Lγmλ)Pm = (La + γaL+)(p¯
a − ǫabcpbγc). (2.17)
The antisymmetric tensor γab can expressed as a vector γa ≡
1
2ǫabcγ
ab, where ǫabc
and ǫabc are a totally antisymmetric tensors with ǫ
123 = ǫ321 = 1.
D = 8 For n = 4, antichiral and chiral spinors are represented by dotted and undotted
indices. In terms of U(4) indices, Lα˙ can be split into one fundamental and one
antifundamental representation, La and L
a, while a projective pure spinor can be
parametrized as λα = (1, γab, 18ǫabcdγ
abγcd), where ǫabcd is the totally antisymmetric
U(4) tensor with ǫ1234 = 1. Using this parametrization, (Lγ
mλ)Pm can be expressed
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as:
(Lγmλ)Pm = (La +
1
2ǫacdeγ
deLc)(p¯a + γabpb).
D = 10 For n = 5, chiral and antichiral spinors have the same indices. The Lagrange multi-
plier can be expressed as Lα = (L+, Lab, La), with a = 1, . . . , 5, and the projective
pure spinor as λα = (1, γab,−18ǫabcdeγ
bcγde), in which ǫabcde is the totally antisym-
metric U(5) tensor with ǫ12345 = 1. Then, it is possible to show that:
(Lγmλ)Pm = (La −
1
8ǫabcdeγ
bcγdeL+ + 14ǫabcdeγ
deLbc)(p¯a + γabpb). (2.18)
Notice that in every case La constitutes the only independent Lagrange multiplier, confirming
that (2.2) is the irreducible part of the twistor-like constraint (2.15).
2.3 Covariant formulation in D = 10
The parametrizations discussed above for λα are not Lorentz covariant. A natural way of solving
this problem is to use instead a pure spinor endowed with an extra local scaling symmetry. This
solution was brought forth in [8] through the ten-dimensional action
SB =
ˆ
dτ{PmX˙
m + wαλ˙
α +Awαλ
α − (Lγmλ)Pm}, (2.19)
with α = 1, . . . , 16, where λα is a pure spinor satisfying
(λγmλ) = 0, (2.20)
wα is its conjugate. The Lagrange multipliers {L
α, A} are associated respectively to the twistor-
like symmetry and to a scaling symmetry acting as
δλα = Ωλα, δwα = −Ωwα,
δLα = −ΩLα, δA = −Ω˙,
(2.21)
with parameter Ω. Note that the scaling preserves the constraint (2.20) and λα can then be fun-
damentally described as a projective pure spinor. Furthermore, the action (2.19) has an intrinsic
gauge symmetry due to the pure spinor constraint and it is invariant under the transformation
δwα = ǫm(γ
mλ)α, with local parameter ǫm.
In [8], using an argument based on BRST symmetry, the reducibility of the twistor-like
constraint was partially disregarded (leading to unconstrained ghosts) and the quantization of
(2.19) was proposed to give rise to the pure spinor superparticle [9]. However, this cannot be
the case, as evidenced by the previous cohomology analysis (subsection 2.1). In fact, a proper
account of the gauge symmetries of the action (2.19) uncovers a chain of symmetries connected
to the pure spinor condition (2.20) which, in the context of the Batalin-Vilkovisky formalism,
effectively appear as constraints on the antifields. This will be further explored in section 3 with
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the construction of the master action in a similar setup. For now, it is enough to know that a
covariant gauge can be chosen, leading to the gauge fixed action
S =
ˆ
dτ{PmX˙
m − 12PmP
m + wαλ˙
α + pˆα
˙ˆ
θα + Ω¯Ω˙}, (2.22)
where {θˆα, pˆα} is the constrained ghost conjugate pair for the twistor-like symmetry and {Ω, Ω¯}
is the ghost conjugate pair for the scaling symmetry. The BRST charge is given by
Q = (λγmθˆ)Pm +Ω(λ
αwα + θˆ
αpˆα). (2.23)
The absence of spacetime supersymmetry in the action (2.22) can be explained by the extra
constraint connecting pˆα to λ
α, given by
(λγmγnpˆ) = 0, (2.24)
which arises from the reducibility of (2.15), cf. (2.18), and implies yet another intrinsic gauge
symmetry for the gauge fixed action (2.22),
δwα = ǫmn(pˆγ
mn)α + ǫpˆα, (2.25a)
δθˆα = ǫmn(γ
mnλ)α + ǫλα, (2.25b)
where ǫ and ǫmn are local parameters and γ
mn = 12 [γ
m, γn]. After taking into account these
symmetries, it is straightforward to show that the BRST charge (2.23) has the same physical
spectrum of the D = 10 version of (2.8).
3 The pure spinor superparticle
In this section a new proposal is presented to extend Berkovits’ twistor-like constraint with
(partial) worldline supersymmetry, finally leading to the pure spinor superparticle.
Consider an extension of (2.19) with the inclusion of an anticommuting variable θ¯α satisfying
(λγmθ¯) = 0, (3.1)
together with a sort of worldline supersymmetry for the spacetime spinors. Such a model can be
expressed by the action
S0 =
ˆ
dτ{PmX˙
m + wα∇λ
α − Lα(γmλ)αPm + p¯α
˙¯θα + χλαp¯α}, (3.2)
where p¯α is the conjugate of θ¯
α, χ is the Lagrange multiplier of the local symmetry generator
λαp¯α and ∇ is the covariant derivative for the scaling symmetry with gauge field A.
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Due to the constraints (2.20) and (3.1), the action is invariant under the transformations
δwα = dm(γ
mλ)α + em(γ
mθ¯)α, (3.3a)
δp¯α = em(γ
mλ)α, (3.3b)
δLα = fλα + fmn(γ
mnλ)α + gθ¯α, (3.3c)
where dm, em, f , fmn and g are local parameters. From now on, these will be called pure
spinor symmetries. Having a special role, they are not to be gauge fixed and instead appear as
constraints on the antifields in the construction of the master action.
Keeping this in mind, the gauge symmetries of (3.2) are summarized by
δXm = cX˙m + (λγmθˆ), (3.4a)
δPm = cP˙m, (3.4b)
δλα = cλ˙α +Ωλα, (3.4c)
δwα = cw˙α − Pm(γ
mθˆ)α − Ωwα + γp¯α, (3.4d)
δLα =
d
dτ
(cLα) +∇θˆα − ΩLα, (3.4e)
δA =
d
dτ
(cA)− Ω˙, (3.4f)
δθ¯α = c ˙¯θα + γλα, (3.4g)
δp¯α = c ˙¯pα, (3.4h)
δχ =
d
dτ
(cχ) +∇γ − Ωχ, (3.4i)
where the parameters c, Ω, θˆα and γ respectively denote worldline reparametrization, scaling
symmetry, twistor-like symmetry and the worldline supersymmetry of the spacetime spinors.
These gauge symmetries, however, are not irreducible. Consider the following transformations
of the gauge parameters,
δ′c = φ, (3.5a)
δ′Ω = φA, (3.5b)
δ′θˆα = −φLα, (3.5c)
δ′γ = −φχ. (3.5d)
Here, φ is the gauge-for-gauge parameter. It is straightforward to show that they leave the gauge
transformations invariant up to equations of motion,
δ′[δXm] = φ{X˙m − (λγmL)}, δ′[δA] = 0,
δ′[δPm] = φ{P˙m}, δ′[δθ¯α] = φ{∇θ¯α − χλα}
δ′[δλα] = φ{∇λα}, δ′[δp¯α] = φ{∇p¯α},
δ′[δwα] = φ{∇wα − χp¯α + Pm(γmL)α}, δ′[δχ] = 0.
(3.6)
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3.1 Master action
The Batalin-Vilkovisky (BV) formalism seems to be the most suitable tool to deal with the gauge
structure of the action (3.2). In order to build the master action, the field content of the model is
extended by promoting gauge and gauge-for-gauge parameters to fields. They will be collectively
denoted by ΦI , where I is an index running over all fields:
ΦI ≡ {Xm, Pm, λ
α, wα, L
α, A, θ¯α, p¯α, χ, c,Ω, θˆ
α, γ, φ}. (3.7)
Note that {c,Ω, θˆα} are Grassmann odd while {γ, φ} are Grassmann even fields. The antifields,
denoted by Φ∗I , have the opposite statistics of the fields and will be defined as
Φ∗I ≡ {X
∗
m, P
m
∗ , λ
∗
α, w
α
∗ , L
∗
α, A
∗, θ¯∗α, p¯
α
∗ , χ
∗, c∗,Ω∗, θˆ∗α, γ
∗, φ∗}. (3.8)
Fields and antifields are used to define the antibrackets between any operator pair O1 and
O2,
{O1,O2} ≡ O1
( ←−
∂
∂Φ∗I
∂
∂ΦI
−
←−
∂
∂ΦI
∂
∂Φ∗I
)
O2, (3.9)
where the sum over I is implicit. In particular,
{Φ∗I ,Φ
J} = δJI . (3.10)
Due to the pure spinor symmetries of (3.3), the antifields are constrained to satisfy
(λγmw∗) = 0, (3.11a)
(λγmp¯∗) + (θ¯γ
mw∗) = 0, (3.11b)
θ¯αL∗α = 0, (3.11c)
(λγmγnL∗) = 0. (3.11d)
Observe that treating (3.3) as ordinary gauge transformations leads to an infinite tower of gauge-
for-gauge symmetries. Instead, the problem is simplified if the above conditions are imposed.
There is an apparent contradiction between the constraints (2.20), (3.1) and (3.11), and the
field-antifield conjugation operation (3.10). For example,
{λ∗α, (λγ
mλ)} = 2(γmλ)α,
6= 0, (3.12)
but the pure spinor (gauge) symmetries implied by the constraints have to be taken into account.
This is a known feature of the pure spinor beta-gamma system and it can be easily solved by
using only gauge invariant operators. The pure spinor symmetries will be further discussed later.
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The master action can be cast as
S = S0 + S1 + S2 + S3, (3.13)
where S0 is displayed in (3.2) and
S1 =
ˆ
dτ{cX˙mX∗m + cP˙mP
m
∗ + cλ˙
αλ∗α + cw˙αw
α
∗ − cL
αL˙∗α − cAA˙
∗}
+
ˆ
dτ{c ˙¯pαp¯
α
∗ + c
˙¯θαθ¯∗α − cχχ˙
∗ + γλαθ¯∗α + γp¯αw
α
∗ + (∇γ)χ
∗}
+
ˆ
dτ{(λγmθˆ)X∗m − Pm(θˆγ
mw∗) +∇θˆ
αL∗α}
+
ˆ
dτ{Ωλαλ∗α − Ωwαw
α
∗ − ΩL
αL∗α − Ωχχ
∗ − Ω˙A∗}, (3.14a)
S2 =
ˆ
dτ{cc˙c∗ + cΩ˙Ω∗ + cγ˙γ∗ + c ˙ˆθαθˆ∗α − Ωθˆ
αθˆ∗α − Ωγγ
∗}
+
ˆ
dτ{φc∗ + φAΩ∗ − φLαθˆ∗α − φχγ
∗ + cφ˙φ∗ − c˙φφ∗}, (3.14b)
S3 =
ˆ
dτ{φPm∗ X
∗
m + φw
α
∗ λ
∗
α − φθ¯
∗
αp¯
α
∗ }. (3.14c)
S1 accounts for the gauge transformations (3.4), S2 is associated to the extension of the gauge
algebra to the ghost fields and the gauge-for-gauge symmetries (3.5), and S3 (quadratic in the
antifields) is necessary because of the on-shell invariance of the gauge transformations, cf. (3.6).
The master action (3.13) satisfies the master equation,
{S, S} = 0, (3.15)
and, for any operator O, it defines its BV transformation, given by
δBVO ≡ {S,O}. (3.16)
Satisfying the master equation is equivalent to the statement that the master action is invariant
under the BV transformations. For completeness, the transformations of the fields are
δBVX
m = cX˙m + (λγmθˆ) + φPm∗ , (3.17a)
δBVPm = cP˙m − φX
∗
m, (3.17b)
δBVλ
α = cλ˙α +Ωλα + φwα∗ , (3.17c)
δBVwα = cw˙α − Pm(θˆγ
m)α − Ωwα + γp¯α − φλ
∗
α, (3.17d)
δBVL
α =
d
dτ
(cLα) +∇θˆα − ΩLα, (3.17e)
δBVA =
d
dτ
(cA)− Ω˙, (3.17f)
δBVθ¯
α = c ˙¯θα + γλα − φp¯α∗ , (3.17g)
δBVp¯α = c ˙¯pα − φθ¯
∗
α, (3.17h)
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δBVχ =
d
dτ
(cχ) +∇γ − Ωχ, (3.17i)
δBVc = cc˙+ φ, (3.17j)
δBVΩ = cΩ˙ + φA, (3.17k)
δBVθˆ
α = c
˙ˆ
θα − Ωθˆα − φLα, (3.17l)
δBVγ = cγ˙ − Ωγ − φχ, (3.17m)
δBVφ = cφ˙− c˙φ, (3.17n)
and the transformation of the antifields are
δBVX
∗
m = P˙m +
d
dτ
(cX∗m), (3.18a)
δBVP
m
∗ = −X˙
m + (Lγmλ) +
d
dτ
(cPm∗ ) + (θˆγ
mw∗), (3.18b)
δBVλ
∗
α = ∇wα + (γ
mL)αPm − χp¯α +
d
dτ
(cλ∗α)− (γ
mθˆ)αX
∗
m − γθ¯
∗
α − Ωλ
∗
α, (3.18c)
δBVw
α
∗ = −∇λ
α +
d
dτ
(cwα∗ ) + Ωw
α
∗ , (3.18d)
δBVL
∗
α = (γ
mλ)αPm + cL˙
∗
α +ΩL
∗
α + φθˆ
∗
α, (3.18e)
δBVA
∗ = cA˙∗ − wαλ
α + θˆαL∗α + γχ
∗ − φΩ∗, (3.18f)
δBVθ¯
∗
α = ˙¯pα +
d
dτ
(cθ¯∗α), (3.18g)
δBVp¯
α
∗ =
˙¯θα − χλα +
d
dτ
(cp¯α∗ ) + γw
α
∗ , (3.18h)
δBVχ
∗ = λαp¯α + cχ˙
∗ +Ωχ∗ − φγ∗, (3.18i)
δBVc
∗ = X˙mX∗m + P˙mP
∗
m + λ˙
αλ∗α + w˙αw
α
∗ − L
αL˙∗α −AA˙
∗ + ˙¯pαp¯
α
∗ +
˙¯θαθ¯∗α
−χχ˙∗ + 2c˙c∗ + cc˙∗ + γ˙γ∗ + ˙ˆθαθˆ∗α + Ω˙Ω
∗ + 2φ˙φ∗ + φφ˙∗, (3.18j)
δBVΩ
∗ = λαλ∗α − wαw
α
∗ − L
αL∗α + A˙
∗ − χχ∗ +
d
dτ
(cΩ∗)− θˆαθˆ∗α − γγ
∗, (3.18k)
δBVθˆ
∗
α = (λγ
m)αX
∗
m − Pm(γ
mw∗)α −∇L
∗
α +
d
dτ
(cθˆ∗α) + Ωθˆ
∗
α, (3.18l)
δBVγ
∗ = ∇χ∗ − λαθ¯∗α − p¯αw
α
∗ +
d
dτ
(cγ∗) + Ωγ∗, (3.18m)
δBVφ
∗ = 2c˙φ∗ + cφ˙∗ − c∗ −AΩ∗ + Lαθˆ∗α + χγ
∗ + θ¯∗αp¯
α
∗ − P
m
∗ X
∗
m − w
α
∗ λ
∗
α. (3.18n)
As mentioned before, the pure spinor conditions (2.20) and (3.1) imply a series of additional
constraints on the antifields which can be summarized as
(λγmw∗) = 0, (3.19a)
(λγmp¯∗) + (θ¯γ
mw∗) = 0, (3.19b)
θ¯αL∗α = 0, (3.19c)
λαL∗α = 0, (3.19d)
(λγmnL∗) = 0, (3.19e)
p¯α∗L
∗
α + θ¯
αθˆ∗α = 0, (3.19f)
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λαθˆ∗α + w
α
∗L
∗
α = 0, (3.19g)
(λγmnθˆ∗) + (w∗γ
mnL∗) = 0. (3.19h)
It is easy to check their consistency with the BV transformations. Naturally, such constraints
are associated to the pure spinor gauge transformations and the master action is invariant under
the pure spinor symmetries
δwα = dm(γ
mλ)α + em(γ
mθ¯)α − f¯L
∗
α + f¯mn(γ
mnL∗)α, (3.20a)
δp¯α = em(γ
mλ)α + g¯L
∗
α, (3.20b)
δLα = fλα + fmn(γ
mnλ)α + gθ¯α + f¯wα∗ + f¯mn(γ
mnw∗)
α + g¯p¯α∗ , (3.20c)
δθˆα = f¯λα + f¯mn(γ
mnλ)α + g¯θ¯α, (3.20d)
δλ∗α = bm(γ
mλ)α + cm(γ
mθ¯)α − dm(γ
mw∗)α − em(γ
mp¯∗)α
−fL∗α + fmn(γ
mnL∗)α − f¯ θˆ
∗
α + f¯mn(γ
mnθˆ∗)α, (3.20e)
δθ¯∗α = cm(γ
mλ)α + em(γ
mw∗)α + gL
∗
α − g¯θˆ
∗
α, (3.20f)
where bm, cm, dm, em, f , fmn, g, f¯ , f¯mn and g¯ are local parameters.
3.2 Gauge fixing
A systematic procedure to fix the gauge symmetries of the theory involves the introduction of the
non-minimal master action through auxiliary variables organized as antighosts, Φ¯i, Nakanishi-
Lautrup fields, Λi, and their respective antifields, Φ¯
i
∗ and Λ
i
∗, where the index i usually denotes
the gauge and gauge-for-gauge symmetries to be fixed. The non-minimal action is defined as
S˜ = S +
ˆ
dτ Φ¯i∗Λi, (3.21)
and, by construction, it satisfies the master equation in the extended phase space.
In the present case,
Φ¯i ≡ {b, Ω¯, pˆα, β, φ¯}, (3.22a)
Λi ≡ {B,O,Mα, G, F}, (3.22b)
Φ¯i∗ ≡ {b
∗, Ω¯∗, pˆα∗ , β
∗, φ¯∗}, (3.22c)
Λi∗ ≡ {B
∗, O∗,Mα∗ , G
∗, F ∗}, (3.22d)
where {b, Ω¯, pˆα, β, φ¯} are respectively the antighosts of {c,Ω, θˆ
α, γ, φ}, and so on.
The gauge fixing fermion will be chosen to be
Ξ =
ˆ
dτ
{
pˆα
[
Pm
(γmC)α
2(Cλ)
− Lα
]
+ φ¯c+ βχ+ Ω¯A
}
, (3.23)
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imposing the gauges A = c = χ = 0 and
Lα = Pm
(γmC)α
2(Cλ)
, (3.24)
where Cα is a constant spinor. The particular choice for L
α is related to the discussion just before
equation (2.7) and the degeneracy of the worldline metric, and the gauge-for-gauge symmetry is
being used to eliminate the reparametrization symmetry. At the level of the non-minimal master
action, the gauge fixing is implemented by evaluating S˜ at
Φ∗I =
δΞ
δΦI
, (3.25a)
Φ¯i∗ =
δΞ
δΦi
, (3.25b)
Λi∗ =
δΞ
δΛi
, (3.25c)
and the non-vanishing antifields are given here by
Pm∗ =
(pˆγmC)
2(Cλ)
, (3.26a)
λ∗α = −Pm
(pˆγmC)
2(Cλ)2
Cα, (3.26b)
L∗α = −pˆα (3.26c)
A∗ = Ω¯, (3.26d)
χ∗ = β, (3.26e)
c∗ = φ¯, (3.26f)
Ω¯∗ = A, (3.26g)
β∗ = χ, (3.26h)
φ¯∗ = c. (3.26i)
Note that these solutions have to be consistent with the antifield constraints of (3.19), thus
θ¯αpˆα = 0, (3.27a)
λαpˆα = 0, (3.27b)
(λγmnpˆ) = 0. (3.27c)
The gauge-fixed action, after solving for the equations of motion of the Nakanishi-Lautrup
fields, is simply
SPS =
ˆ
dτ{PmX˙
m + wαλ˙
α −
1
2
PmP
m + p¯α
˙¯θα + pˆα
˙ˆ
θα + Ω¯Ω˙ + βγ˙}, (3.28)
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and it is invariant under the pure spinor symmetries
δwα = dm(γ
mλ)α + em(γ
mθ¯)α + f¯ pˆα − f¯mn(γ
mnpˆ)α, (3.29)
δp¯α = em(γ
mλ)α − g¯pˆα, (3.30)
δθˆα = f¯λα + f¯mn(γ
mnλ)α + g¯θ¯α. (3.31)
The BV-BRST transformations can be easily read from (3.17) and (3.18) and are given by
δXm = (λγmθˆ), (3.32a)
δPm = 0, (3.32b)
δλα = Ωλα, (3.32c)
δwα = −Pm(θˆγ
m)α −Ωwα + γp¯α, (3.32d)
δθ¯α = γλα, (3.32e)
δp¯α = 0, (3.32f)
δΩ = 0, (3.32g)
δΩ¯ = −wαλ
α + βγ + pˆαθˆ
α, (3.32h)
δθˆα = −Ωθˆα, (3.32i)
δpˆα = −(γ
mλ)αPm +Ωpˆα, (3.32j)
δγ = −Ωγ, (3.32k)
δβ = λαp¯α +Ωβ. (3.32l)
Using Noether’s theorem, the BRST charge is computed to be
Q = γλαp¯α − (λγ
mθˆ)Pm +Ω(βγ − θˆ
αpˆα − λ
αwα). (3.33)
Note that the terms involving the constant spinor Cα decouple from the action and from the
transformations above, as they are proportional to the on-shell vanishing ghost-for-ghost φ.
3.3 Ghost number twisting and cohomology
The gauge fixed action can be expressed in terms of an unconstrained spacetime spinor θα,
making spacetime supersymmetry manifest.
To see this, consider the field redefinitions
λα → γ−1λα, (3.34a)
wα → γwα, (3.34b)
θˆα → γθˆα, (3.34c)
pˆα → γ
−1pˆα, (3.34d)
β → β + γ−1λαwα + γ
−1θˆαpˆα. (3.34e)
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Although the action (3.28) is left unchanged, all spinors are now invariant under the scale trans-
formations (Ω) with a consequent shift of their ghost number: λα(wα) has now ghost number 1
(−1), while θˆα, pˆα, θ¯
α, and p¯α have ghost number 0.
The spacetime spinors {θˆα, pˆα, θ¯
α, p¯α} can then combine into an unconstrained conjugate
pair {θα, pα}, with the emergence of spacetime supersymmetry. The unconstrained spinors are
defined as
θα ≡ θˆα + θ¯α, (3.35a)
pα ≡ pˆα + p¯α. (3.35b)
To show that {θα, pα} are indeed unconstrained, first recall that, by construction, p¯α has a
gauge invariance of the form δp¯α = em(γ
mλ)α due to the constraint (λγ
mθ¯) = 0. This leaves
θ¯α and p¯α with 11 independent components each. Due to the constraint (λγ
mnpˆ) = 0, pˆα has
only 5 independent components, while the number of irreducible components in the twistor-like
constraint (and consequently the number of independent components of the associated ghost,
θˆα) is also 5, cf. section 2. Their complementarity (11 + 5 = 16) can be directly shown by the
SO(10) spinor decomposition.
With the redefinition (3.34), note also that the ghost variables {γ, β,Ω, Ω¯} constitute a de-
coupled U(1) sector. After the addition of the null terms λαpˆα and (λγ
mθ¯)Pm, the BRST charge
can be rewritten as
Q = Q∗ +QPS, (3.36)
where
Q∗ = Ωβγ, (3.37a)
QPS = λ
αdα. (3.37b)
QPS is the pure spinor BRST charge,with
dα ≡ pα − Pm(γ
mθ)α. (3.38)
Since QPS and Q∗ are independent of each other, it is more convenient to analyze their
cohomology separately. There are two elements in the cohomology of Q∗, the identity operator,
1, and Ω. Any other Q∗-closed operator can be shown to be Q∗-exact. In fact, even the operator
Ω is singular in the sense that it can be written as the limit of a Q∗-exact operator:
lim
ǫ→0
{
Q∗,
1
ǫ
γǫ
}
= Ω. (3.39)
The cohomology of QPS is well known [9] and will be just quickly reviewed here. According
to the pure spinor ghost number, it is organized as
{
1, λαAα, λ
αλβAαβ , (λγ
mθ)(λγnθ)(λγpθ)(θγmnpθ)
}
. (3.40)
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At ghost number zero it contains only the identity operator. At ghost number one, Aα denotes
the super Maxwell superfield and BRST closedness implies the equation of motion
Dαγ
αβ
mnpqrAβ = 0, (3.41)
where Dα is the superderivative given by
Dα ≡ ∂α + (γ
mθ)α∂m. (3.42)
BRST-exact states account for the gauge transformation δAα = DαΛ, where Λ is a superfield
parameter. At ghost number two, Aαβ denotes the superfield containing the super Maxwell
antifields, and at ghost number three the only cohomology element is the so-called pure spinor
measure factor.
Finally, the cohomology of the BRST charge (3.36) is given by a direct product of the coho-
mology of its two pieces, consisting of a doubling of the pure spinor superparticle cohomology:
one sector completely independent of the U(1) variables {γ, β,Ω, Ω¯} and one sector linear in Ω,
both with the same physical content of (3.40).
4 Summary and final remarks
The BRST quantization of the massless particle action subjected to the constraint
p¯a + γabpb = 0, (4.1)
was shown here to give rise to an interesting structure (subsection 2.1). In particular, its ghost
number zero cohomology is described by the wave function
F = F (Xa, γab). (4.2)
which was used in [7] as a generating function for massless solutions of field equations of spin N2 ,
cf. equation (1.11).
Equation (4.1) was shown in subsection 2.2 to be equivalent to the twistor-like constraint
(γmλ)αPm = 0, (4.3)
suggested as the fundamental gauge structure behind the pure spinor superparticle [4, 8]. How-
ever, cf. subsection 2.3, it does not seem to be possible to obtain the superparticle solely from
gauge fixing the action (2.19) proposed in [8].
With the introduction of a partial worldline supersymmetry connecting the spacetime spinors
(section 3), the BV quantization of the new model leads to the gauge fixed action
SPS =
ˆ
dτ{PmX˙
m − 12PmP
m + pαθ˙
α + wαλ˙
α + Ω¯Ω˙ + βγ˙}, (4.4)
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expressed in terms of the unconstrained spinors θα and pα. Its BRST charge is given by the
usual pure spinor BRST charge plus a U(1) decoupled sector, cf. equation (3.36).
It is interesting to observe the connections between different (super)particle descriptions.
With the addition of a partial worldline supersymmetry to Berkovits’ twistor-like constraint,
spacetime supersymmetry emerges, giving rise to the pure spinor superparticle in D = 10, which
has the same physical spectrum of the Brink-Schwarz superparticle [12]. In turn, as demon-
strated in [13], the Brink-Schwarz superparticle and the spinning particle [14], with worldline
supersymmetry, are classically equivalent.
There are several directions to be explored that could help to understand these connections
in more detail. For example, the higher ghost number cohomology of (2.8) was not determined
here but it could be interesting to explore its field content using the techniques of [7] with a
generating function with an intrinsic gauge structure. Concerning the action (3.2), its covariant
quantization in even dimensions might lead to (alternative) superparticle descriptions in D < 10.
Another interesting idea is to enhance it with full worldline supersymmetry and to analyze
the possible connections between the pure spinor superparticle and an extended version of the
spinning particle. This idea is supported by a recent work relating the Ramond-Neveu-Schwarz
and pure spinor superstrings [15].
Probably the most interesting direction to be investigated is the extension of the results of
section 3 to the worldsheet, trying to understand the gauge fixing leading to the pure spinor
superstring [11]. The results of [8] are likely to be completed using the model presented here.
Partial computations already reveal the same pattern [16], and the string version of the con-
straints (3.19) seem to lead to a consistent generalization of the gauge fixed action (3.28). As
already pointed out in [8, 10], reparametrization symmetry is redundant with the implementation
of the twistor-like constraint, but at the worldsheet level this is more subtle. It would be interest-
ing to have a (worldsheet) covariant derivation of all these results. Finally, the idea introduced
in [8] that the Green-Schwarz and the pure spinor formalisms are but different gauge fixings of
the same master action is worth investigating, although this does not look so straightforward
considering the constraints (3.19).
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